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1.1 Cuc tri tu do

1.1.1 Dinh nghia cuc tri tu do

Dinh nghia 1.1. Ham hai bién f(x,y) dat cuc dai tai diém (z9,yo) néu nhu f(z,y) < f(zo,v0),
v6i moi (z,y) nam trong lan can cta (xg,yo). Gia tri f(zo,y0) duge goi l1a gia tri cuc dai. Néu nhu
f(z,y) = f(wo,y0), v6i moi (,y) ndm trong lan can ctia (wg,yo) thi f dat cuc ticu tai (zo,yo) va gia
tri f(wo,y0) dudc goi 1a gia tri cuc tiéu.

Cha y. Néu f(z,y) < f(zo0,v0), v6i moi (x,y) € Dy thi f dat GTLN tai (zo, o). Néu f(z,y) >
f(x0,y0), v6i moi (x,y) € Dy thi f dat GTNN tai (xo,y0)-

1.1.2 Diéu kién can dé ham sb 2 = f(z,y) c6 cuc tri tu do

Dinh 1y 1.1. Néu ham s6 z = f(x,y) c6 cuc tri tai diem (xo,vo) va dao ham riéng cip mot cia f
ton tai tai diém (xo,yo) thi
{ fa(z0,90) =0
fy(xo,90) =0

Chitng minh. Cho g(z) = f(z,y0). Néu f co cuc tri tai diém (xo,y0) thi g(z) = f(z,v0) <
f(x0,y0) (trong trusng hop (zg,%0) 1a diém cyc dai) hosic g(z) = f(x,v0) = f(x0,v0) (trong trudng
hap (w0, 70) 1 diém cyc tiéu), v6i moi = thude lan can ctia xo. Nhu vay, theo dinh 1y Fermat do6i véi
ham mot bién g(z), ta ¢6 ¢'(z9) = 0. Mt khac, ¢'(z) = fi(z,y0) = ¢ (x0) = fi(x0,y0). Nhu vay,
fa(zo0,90) = 0.

CuuDuongThanCong.com https://fb.com/tailieudientucntt


http://cuuduongthancong.com?src=pdf
https://fb.com/tailieudientucntt

1.1 Cuc tri tu do 3

Chitng minh tuong tu d6i véi ham h(y) = f(zo,y) ta ciing duge fé(:co, yo) = 0l

Chu y. Néu f(zo,y0) = 0 va f}(x0,y0) = 0 thi phuong trinh m&t phéng tiép dien véi méit cong
z = f(x,y) tai diém (zo,y0) 12 2z = f(z0,y0) = 20. Tit day ching ta suy ra ¥ nghia hinh hoc ciia cuc
tri: Mat phang tiép dién véi mit cong z = f(z,y) tai diém cyc tri 14 mat phing ndm ngang z = zo.

Diém (g, yo) dudc goi 1a diém dimg ctia f néu f2(zg,yo) = 0 va fy(20,y0) = 0 hogc néu mot trong
hai dao ham riéng khong ton tai.

Dinh 1y trén cho ta thiy duge ring: néu f c6 cyc tri tai (zo,y0) thi (z0,y0) 1a diém dimg cta f.
Tuy nhién, giéng nhu trusng hop ham mot bién, diéu ngude lai khong ding.
1.1.3 Diéu kién dia dé ham s6 z = f(z,y) c6 cuc tri
Dinh 1y 1.2. Cho ham s6 z = f(x,y) cé dao ham riéng lién tuc dén cip hai trong lan can cia diém

. A B .
ding P(z0,v0). S0 A= f.(x0,%0), B = fr,(x0,%0), C = fy,(z0,90), A = = AC — B*. Khi

do, theo tiéu chuan Sylvester, ta co:

A>0
d?f(xo,y0) = Adz? + 2Bdxdy + Cdy? la dang toan phuong zdc dinh duwong.

) A>0 , .z .z .
1. Néu { thi diem P(zo,y0) la diém cwe tiéu cia ham so z = f(x,y). Lic nay

A<O
d?f(xo,y0) = Adx? + 2Bdxdy + Cdy? la dang toan phuong zdc dinh am.

. A>0 . . .
2. Néu { thi diem P(xo,y0) la diém cwe dai cia ham so z = f(x,y). Lic nay

3. Néu A < 0 thi diém P(zo,y0) KHONG la diém cuc tri cia ham s6 z = f(z,y). Lic nay
d?f(xo,y0) = Adz? + 2Bdxdy + Cdy? la dang toan phuong khong zdc dinh dau.

Chiing minh. Lay tity y diém M (x,y) trong lan can ctia diém P(zg,10) sao cho M # P. Theo

cong thitc khai trién Taylor trong lan can ciia diém (zo, yo) dén cap mot v6i phan du Lagrange, ta co

1 1
f(z,y) = f(x0,%0) + ﬂdf(:vo,yo) + ide(iﬂo + aAzx,yo + aAy), (o € (0,1)).
T do ta cod
f(way) - f(x07y0) - fgln(x()ayO)Ax + f:;(x()vyO)Ay—’_
1
o7 (Faa(@o + @Az, yo + aly)Ax® + 27 (v + Az, yo + aAy) AzAy + fil, (v0 + aAz, yo + aAy) Ay?).

Theo diéu kién can dé ham z = f(x,y) c6 cyc tri thi néu P(xq,yo) & diém cuc tri thi f.(xo,y0) =
fy(20,90) = 0. Do d6

1
f(z,y) — f(wo,y0) = g[fa/c/x(ﬂco + alAz, yo + aAy)Az?+

+2f;’y(:co + oAz, yo + aAy)AxAy + f{/’y (zo + alAz,yo + aAy)Ay?).

Vi nhitng dao ham riéng cap hai lién tuc tai diém P(zo, o) nén ta cé thé bidu dién
frw(20 + @z, yo + aly) = fr(z0,y0) + 11 = A+ an

fry(xo + @Az, yo + aly) = fi, (x0,y0) + 12 = B+ anz

foy (@0 + @Az, yo + aly) = fy, (20, y0) + ase = C + az,
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4 CUC TRI CUA HAM NHIEU BIEN

trong d6 aji, aqe, ase — 0, khi Az, Ay — 0. Nhu vay,

f(z,y) — f(zo,y0) = %[(A + a11)Az? + 2(B + a1)Az. Ay + (C + ax)Ay?] =

= Si[(AAR? £ 9BAT Ay + OAYP) + (amAd? + 201220 Ay + )]

p

y k o |2

IR =
\_/

o X
X, X -

Hinh 1.1: Déi sang hé toa do cuc

Dat p = \/Az2 + Ay?, ¢ 1a goc gitta tia PM va truc Ox. Khi d6
Ax = p.cosp, Ay = p.sin p.
Vay
2
f(z,y)—f(xo,y0) = o [(A cos® p+2B cos p. sin p+C sin? )+ (a1 cos? p+2a3 cos . sin p+agy sin? )]
Trudsng hop 1. AC — B? > 0. Tt d6 suy ra AC > 0= A#0 va

1
Acos? ¢ + 2B cos ¢.sing 4 C'sin? ¢ = Z[(Acosgo + Bsinp)? + (AC — B?)sin? ¢].

Do ham |A cos? ¢ 4 2B cos . sin ¢ + C'sin? ¢| 13 ham lién tuc trén doan [0,27] nén né cé gia tri nhod
nhat m

= |Acos? ¢ + 2B cos @.sin g + C'sin® | > m > 0.

Vi khi A:U,Ay — 0 thi P — 0 va a11, 012,092 — 0 nén
|ovi1 cos? © 4 2a12 cos . Sin @ + Ao sin? ol < |agi| + 2|aga| + |age| < m,
v6i p > 0 di nhé. Nhu vay,

A>0

tiéu ctia ham s6 z = f(z,y).

. A>0 . .
1. néu { thi f(x,y) — f(xo,y0) = 0 hay f(x,y) > f(xo,y0) v& diem P(xg,yo) 1a diem cuc

. A>0 ) .
2. néu { A<D thi f(x,y) — f(zo,y0) < 0 hay f(z,y) < f(xo,y0) diem P(xo,y0) 1a diém cuyc
<

dai ctia ham s6 z = f(z,y).
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1.1 Cuc tri tu do 5

Trusng hop 2. AC — B? < 0.
Gia st A # 0. Khi ¢ = 1 = 0 thi

Acos? ¢ +2Bcos p.sing 4+ Csin® p = A

c6 dau cing dau véi A, con khi ¢ = 9, v6i o 12 goc thoa man A cos pg + Bsin g = 0(sin g # 0) thi

1

1
A cos® pa+2B cos . sin pa+C'sin? g = 1 [(A cos pa+B sin p3)?+(AC—B?) sin? o] = Z(AC’—BQ) sin? g

c6 dau trai dau véi A.

Véi p dt nho thi aq; cos? p+2a1s cos . sin p+ a9 sin? ¢ ¢6 gia tri dit nhé khi ¢ = @1 v ¢ = @a. Do
d6 dau ctia f(z,y) — f(z0,y0) sé phu thuoc vao dau ciia biéu thitc A cos? p + 2B cos . sin ¢ + C'sin? .
Nhu vay, trong lan can clia (zg,0) nhing diém (z,y) thuoc tia xdc dinh bdi ¢ = @1 VA p = g 6
f(x,y) — f(x0,y0) mang dau trai nhau. Diéu nay c6 nghia la (xq,yo) khong la diém ciec tri.

Néu A = 0 thi
Acos? ¢ + 2B cos . sin g 4 C'sin® ¢ = 2B cos p. sin ¢ + C'sin’ p = sin ¢.(2B cos ¢ + C'sin p)
Tit AC — B?> < 0= B # 0, do d6 c6 thé chon goc ¢ = 1 # 0(sin 1 # 0) sao cho
|C|.| sin 1| < 2|B|.| cos¢1].

Khi d6 véi ¢ = 1 vA ¢ = @9 = —1 biéu thitc sin ¢.(2B cos ¢ + C'sin ) sé ¢6 dau trai nhau (vi sin ¢4
va sin(—¢1) ¢6 dau trai nhau). Nhu vay, véi p > 0 dit nhé trong lan can ctia (o, yo) nhing diém (z,y)
thuoc tia xac dinh béi ¢ = @1 va © = @9 ¢6 f(z,y) — f(x0, yo) mang dau trai nhau. Diéu nay c6 nghia
1a (w0, 70) khong 1a diém cuec tri.

Dinh 1y da dugce chiing minh.

1.1.4 Phuong phap tim cuc tri tu do

Cho ham s6 f(z,y) xac dinh trén mién xac dinh D(f). Cac buéc tim cyc tri tu do clia ham nay

nhu sau:

1. Tim diém ding

/

=0

{ ;7/6_0 = Pi(xi,y:),i=1,2,...
! =

82f 82f 82f
@(fﬁi,yi)a B = m(%ayi), C= aiyg(xiayi)a A= AC - B?

2. Tai diem P;(x;, ;) diat A =
e Néu A > 0,4 > 0 thi ham dat cuc tiéu tai (z;,v;).
e Néu A > 0, A < 0 thi ham dat cuc dai tai (z;,y;).

e Néu A < 0 thi ham khong dat cuc tri tai (z;,%;), lic nay diém (z;,;) duge goi la diém yén
ngua.

e Néu A = 0 thi ta phai xét bang dinh nghia Af = f(x,y) — f(xi,v)

Vi du 1.1.1. Tim cyc tri tu do ctia ham s6 f(x,y) = 23 + 2y — 322 — 6y
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6 CUC TRI CUA HAM NHIEU BIEN

Giai.
Buéc 1. Tim diém ding
fi = 322—62=0
fl = 62=6=0
= C6 4 diém dimg Py (0, —1), P,(0,1), P3(2, —1), P4(2,1).
Budc 2. Tim cac dao ham riéng cap 2
v = 61 — 6, fr, =0, f, =12y.

Budc 3. Khio sat tai timg diém ditng

1. Pi(0,-1), A= f1.(0,-1) = =6, B = f,(0,-1) =0, C = f},(0,—1) = —12,
A = AC — B? = (—6).(—12) — (0)® > 0.

A<0 .
= = Py la diem cuyc dai, = f(0,-1) =4.
{A>0 | iem cuc dai, fop = f( )

2. P5(0,1), A= f.(0,1) = —6, B= f7,(0,1) =0, C = f(0,1) = 12,
A = AC — B? = (—6).(12) — (0)2 < 0. = P, khong la diém cyec tri.

3. P3(2’ _1)’A = f;;:,x(27 _1) =6, B= lezly(Qa _1) =0,C= f:l,//y(Qv _1) = —-12,
A =AC — B% = (6).(—12) — (0)*> < 0. = P; khong la diém cyc tri.

4. P4(2a 1)314 = faltlz(Qa 1) =6, B= f:;:/y(27 1) =0,C= fgl;/y(27 ]-) =12,
A = AC — B% = (6).(12) — (0)2 > 0.

A>0 . .
= = P, la diem cuyc tiéeu, = f(2,1) = -8.
{ A0 A ) for = f(2,1)

Hinh 1.2: Cuec tri tu do ctia ham s6 f(z,y) = 2 + 2y° — 322 — 6y
Vi du 1.1.2. Tim cyc tri tu do ciia ham s6 f(x,y) = 2* +y* — 4oy + 1
Giai.
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1.1 Cuc tri tu do 7

Buéc 1. Tim diém dimg
flo= 423 —4y =0 o y =3 o y =3
[, = 4P —4x=0 = (23)3 r(z? = 1)(22+1)(2* +1) =0
= C6 3 diém dimg P;(0,0), P»(1,1), P3(—1,—1).
Buéc 2. Tim cac dao ham riéng cap 2
e = 1227 fil = —4, f1 = 12y°.

Buéc 3. Khéo sat tai timg diém dimg

1. P1(0,0), A = f.(0,0) =0, B= f7,(0,0)=—4,C = f}(0,0) =0,
A =AC — B?=0.0 - (—4)? < 0. = P, khong la diém cyc tri.

2. Py(1,1), A= fIl,(1,1) =12, B= fIl,(1,1) = =4, C = f,(1,1) = 12,
A=AC - B%=(12).(12) — (—4)2 > 0.

A>0 . .
= = P, la diem cuyec tiéu, = f(1,1) = —1.
{ A >0 0 . for = f(1,1)

3. Py(—1,-1),A=fI(-1,-1) =12, B = f/ (~1,-1) = -4, C = f! (-1,-1) = 12,

rr

A=AC - B?=(12).(12) — (—4)2 > 0.

A>0 ) )
= = P, la diem cuc tieu, =f(-1,-1) = —1.
{ A0 g ) for = f( )

Vi du 1.1.3. Tim cyce tri tu do ciia f(z,y) = 2° + 3zy? — 392 — 36y + 1.

Gial.

Buéc 1. Tim diém ditng
fio= 322 +3y2-39=0
fy = 6xy—36=0

= C6 4 diém dimg Py(3,2), Py(—3,—2), P3(2,3), Py(—2, —3).
Buéc 2. Tim cac dao ham riéng cap 2
v = 62, fr, = 6y, f,, = 62.
Buéc 3. Khéo séat tai timg diém dimg
1. Pi(3,2),A=f"(3,2) =18, B = f"(3,2) =12, C = ! (3,2) = 18,
A=AC-B*=18-122>0.

A>0 ) ;
= { A0 = P la diém cuc tieu, for = f(3,2) = —125.
>

2. Py(—3,-2),A= fll(-3,-2) = —18, B= fIl (-3,-2) = —12,C = f (-3, -2) = —18,
A = AC — B% = (—18).(-18) — (-12)2 > 0.

A<O .
= = P la diem cyc dai, = f(-3,—-2) = 127.
{ Ao ) re dai, fop = f( )

3. P3(2,3),A=fI.(2,3) =12, B= f/,(2,3) =18, C = f (2,3) = 12,
A =AC — B?=12.12 - 182 < 0. = P; khong la diém cyc tri.
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8 CUC TRI CUA HAM NHIEU BIEN

4. Py(-2,-3),A= fr(-2,-3) = —12, B = f (-2,-3) = —18, C = fI (-2, -3) = —12,

A = AC — B? = (—12).(-12) — (—18)%? < 0. = P4 khong la diém cuc tri.

Vi du 1.1.4. Cho hinh hop chit nhat c6 dién tich cdc mat xung quanh va mat day bang 24m?. Hay
tim thé tich 16n nhét ctia hinh hop nay.

Gidi. Goi z,y, z(z,y, 2z > 0) lan lugt 1a chiéu dai, chiéu rong va chiéu cao ctia hinh hop chit nhat.

y

Hinh 1.3: Hinh hop chit nhat

Khi dé thé tich ctia hinh hop 1a V = xyz, va dién tich xung quanh va mit day ctia hinh hop chi nhat
la
12 — xy

20y + 2yz 4+ 220 =24 = 2z =
rT+y

12 —zy 12zy — z2y?
r+y N r+y

V =uzy.

Buéc 1. Tim diém dimg

oo y2-2ey—a?)
z (z + )2 - 12—2zy —22=0

22(12 — 22y — y?) < 2
Vv = ?/2 ) -0 12 - 22y —y* =0
Y (z+y)

Sr=y=2

= C6 1 diém dimg P;(2,2).
Buéc 2. Tim cac dao ham riéng cap 2
_2y2(y2 +12) _, _ _2xy(:v2 + 3ay +y? — 12) v _2x2(m2 +12)
(x+y)? =W (z + ) s (z+y)?
Buéc 3. Khio séat tai timg diém dimg
Pi(2,2), A= fI,(2,2) = -2, B= f!(2,2) = -1, C = ! (2,2) = 2,
A=AC - B?=(-2).(-2) - (-1)* > 0.

"o _
Vv$a:_

A<O 2 .
:>{ A0 = Py la diem cue dai, fop = f(2,2) = 4.

Vay thé tich 16n nhat 1a Vi, =4 khiz =2,y =2,2 = 2.
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1.2 Cuec tri cé dieu kien 9

1.2 Cuc tri c6 dieu kién

1.2.1 Dat van de

Trong nhitng bai toan tng dung, ching ta thuong giap bai toan tim cyc tri ctia ham nhiéu bién khi

c6 thém diéu kién rang budc nao dé doéi véi bien so.

Vi du 1.2.1. Hay xac dinh hinh chi nhat c6 dién tich 16n nhéat, biét ring hinh ch nhat d6 c6 chu
vi la 2p.

Hinh 1.4: Hinh ch nhat

Goi x,y 1an lugt 1a chiéu dai va chiéu rong ctia hinh chit nhat. Bai toan ciia ching ta 1a tim gia
tri 16n nhat cia S(z,y) = zy véi dieu kien 2(z +y) = 2p,z > 0,y > 0. Tuw day, ta c6 y = p — z va
thay vao S ta dugc ham mot bién S(z) = z(p — z) véi diéu kien 0 < z < p. Ham s6 S(x) dat gia tri
16n nhat trong khoang (0, p) khi z = g Nhu vay, hinh chit nhat c¢6 dién tich 16n nhéat véi chu vi cho
truée 1a hinh vuéng.

Chu y rang, ham hai bién S(z,y) = zy khong ¢6 cuc tri tu do, tuy nhién 16i gidi cho bai toan
van c6. Diéu nay c6 nghia la d6i v6i bai toan ctia chiing ta, gid tri cia ham S(x,vy) tai nhing diém

khong thoéa man phuong trinh x + y = p, khong ¢6 § nghia gi.

1.2.2 Pinh nghia cuc tri c6 dieu kién

Dinh nghia 1.2. Ham hai bién f(z,y) dat cuc dai c6 dicu kien tai diém (xq,yo) véi didu kién
o(z,y) = 0, néu nhu f(z,y) < f(zo,y0), v6i moi (z,y) théa ¢(z,y) = 0, ndm trong lan can cia
(w0, y0)- Gia tri f(z0,y0) duge goi 1a gia tri cyce dai ¢6 dicu kien. Néu nhu f(z,y) > f(zo,v0), v6i moi
(z,y) théa o(z,y) = 0, ndm trong lan can clia (zg,yo) thi f dat cyc ticu c6 diéu kien tai (x9,y0) va
gia tri f(zo,y0) dude goi la gid tri cuyc tieu co dieu kien. Ham f(x,y) ldc nay dudce goi 1a ham muc
tiéu, con diéu kién o(z,y) = 0 duge goi la diéu kién rang budc.

1.2.3 Diéu kién can dé ham sb z = f(z,y) c6 cuc tri c6 diéu kién

Gi4 sit chung ta can tim cyc tri ctia ham 2 = f(x,y) thoa diéu kien ¢(z,y) = 0. Diéu nay c¢6 nghia
13 chiing ta tim cic tri ctia ham f khi diém (z,y) nidm trén dudng cong (x,y) = 0. Trén hinh (1.5),
cho chiing ta thiy mot s6 dudng ding tri f(z,y) = k. Nhu vay, dé tim cyc dai (cyc tiéu) clia ham
f(z,y) théa dicu kien ¢(z,y) = 0 chiing ta tim gid tri 16n nhat (nhé nhat) clia k sao cho dudng ding
tri f(z,y) = k cit duong cong o(z,y) = 0. Didu nay xay ra khi dudng déng tri f(z,y) = k va duong
cong o(x,y) = 0 c6 cling tiép tuyén, vi néu ngudc lai gia tri k& c6 thé tang lén (hodc gidm xudng) nita.

Diéu nay c6 nghia la dudng vuéng géc véi dusng dang tri f(z,y) = k va dudng cong ¢(z,y) = 0
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10 CUC TRI CUA HAM NHIEU BIEN

flxoy)=k

P(xy-0
0 Y ,?(,

Hinh 1.5: Cuyc tri ctia z = f(z,y) thoa dieu kien p(z,y) = 0

tai diém cyc tri (wg,%0) phai ciing phuong véi nhau. Do dé, V f(xo,y0) = —A.V(z0,%0), A € R

N fr(x0,90) + A (z0,90) = 0
fy(x0,y0) + Ay (w0, 90) = 0

Dinh 1y 1.3. Néu ham s6 z = f(x,y) ¢6 cuc tri cé diéu kién tai diem (xg,yo) vdi diéu kien o(z,y) =0
va Vo(xo,yo) # 0 thi ton tai so A théa man hé

fz(w0,y0) + Al (z0,0) =0
fo(@0,90) + Ay (20, 90) =0
©(x0,y0) =0

Ching minh.

Vi Vo(zo,y0) # 0 nén c6 it nhat mot trong hai dao ham rieng ¢/, (o, v0), ¢}, (€0, yo) khac 0. Khong
mét tinh tong quét gid sit ¢}, (zo,yo) # 0. (trudng hop ¢, (2o, yo) # 0 ching minh tuong tu).

Phuong trinh ¢(z,y) = 0 xac dinh mot ham an y = h(z) va

Néu ham s6 f(z,y) c6 cuc tri c6 diéu kien tai (zg,yo) véi diéu kien o(z,y) = 0 thi ham mot bién

g(z) = f(z,h(x)) dat cyc tri tai diém xo. Khi d6 theo diéu kién can dé ham mot bién dat cyc tri thi
/

g (xzg) = 0.

/
"(z0) = fi(zo0, + fi(x0,v0)-W (w0) = fi (o, — ! (xo, .MZO
g (o) = fo(wo,90) + fy (w0, y0)-h (o) = fo(x0,y0) — fy(x0, 90) o (@0, 0)
!/
Dt A = — 2T00) s
¢y($07y0)
fr(@o, yo) + Al (0, yo) = 0.
f/(x()ay())
At A= 4L "L = ff Aol =0.
va @ (0, yo) Fy(x0, 40) + Ay (20, 50)

Dinh ly da dugc chitng minh.
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1.2 Cuc tri c6 diéu kién 11

1.2.4 Diéu kién di dé ham s z = f(z,y) cb cuc tri c6 diéu kién

Dinh 1y 1.4. Cho ham s6 z = f(x,y) ¢ cuc tri c6 diéu kién vdi diéu kien o(x,y) = 0 tei diém
P(x0,y0). Lap ham Lagrange L(z,y,\) = f(z,y) + A\.p(z,y). Khi do:

1. Néu d*L(xq,y0, o) > 0 thi P(xg,y0) la diém cuc tiéu cé diéu kién.
2. Néu d?L(z0, 0, o) < 0 thi P(x0,y0) la diém cuc dai cé diéu kién.

3. Néu d?L(z0, o, \o) khong zdc dinh dau thi P(zo,yo) khong la diém cuc tri.

1.2.5 Phuong phap Lagrange tim cuc tri c6 diéu kién
Cac budc khéo sat cye tri ctia z = f(z,y) véi dieu kien p(z,y) =0
1. Lap ham Lagrange L(x,y,A) = f(z,y) + Ao(z, y). Tim diém ditng ctia L(z,y, \)

Li(z,9,A) =0
L;(.’E,y, >‘) =0 = -Pz(xhyl)aAZvZ = 1727 cee
Ll)\(ajvya)‘) = go(x,y) =0

Ll/

2. Tim tat ca Ly, Ly,

zas Lay: Ly
3. Khao sat ting diém dimg P;(z;, vi), \i
d*L(wi, yi, i) = Ll (2, yi, No)da® + 217 (2, yi, i) dady + L, (i, yi, Mi)dy®

Dua vao diéu kién du ta két luan
o Néu d’L(z;, i, A;) > 0 thi P(z;,y;) la diém cuc tiéu cé diéu kién.
o Néu d’L(z;,y;, \;) < 0 thi P(z;,y;) 1a diém cuc dai cé diéu kién.
o Néu d’L(z;,y;, \;) khong xac dinh dau thi P(z;,y;) khong la diém cuc tri.
Chau y.
e D@ khéo sat d?L(z;,yi, \;) doi khi ta can st dung diéu kien
p(z,y) = 0= dp(x,y) = 0 = de(zi, yi) = 0 < (s, yi)de + @y (4, yi)dy = 0

Tit day ta rit ra biéu thitc dz theo dy hosic dy theo dz. Thay vao biéu thitc d?L(z;,yi, \;) ta
duge 1 ham theo dz? hoic dy?.

e Trong bai toan cuc tri c6 dicu kién luon c¢6 dz? + dy? > 0, c6 nghia la dz,dy khong dong thoi
béang 0.

o A®L(xi, yi, \i) = L, (x5, yi, M) da®++Li), (24, yi, Xo)dy? + L5, (w3, yi, M) dN*+2LY, (4, yi, N dedy+
2Ll)($($i,yi,)\i)d)\d$ + QLKy(xi,yi,/\i)d/\dy. Vi L’)(/\(xi,yi,)\i) = 0 va 2L’/\’$(aci,yi,/\i)d/\dx +
215, (w4, yi, Mi)dAdy = 2(p5 (i, yi)d + ¢y (24, yi)dy)dA = 0 nén

2 _ 2 2
A*L(wi, yiy Ni) = Ly (i, yis Ni)da® + 215, (24, yi, Ni)dady + Ly, (i, yi, Xi)dy”

Vi du 1.2.2. Tim cye tri ctia ham f(z,y) = 22 + 2y? v6i diéu kien 22 +¢% = 1.
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12 CUC TRI CUA HAM NHIEU BIEN

Giai. Tim diém ditng ctia ham Lagrange L(z,y, \) = f(z,y) + A\.po(z,y)

L(x,y,A\) = 2x+22A=0 (1)
Ly(z,y,A) = 4dy+2yA=0 (2)
pla,y) = 2> +y*=1 (3)

Tu (1) ta 6 x = 0 hogc A = —1. Néu 2 = 0 thi tt (3) ta duge y = +1 va tur (2) ta duge A = —2. Néu
A = —1 thi tr (2) ta dugc y = 0 va tit (3) ta duge x = +1

Nhu vay, ta c6 diém dimg P;(0,1), P>(0, —1) ting v6i A = —2 va P3(1,0), Py(—1,0) ting véi A = —1.

Tai Pi(0,1) tng voi A = —2 ta ¢6 d2L(0,1,—2) = LI, (0,1,-2)da? + 2L7,(0,1,~2)dedy +
L;/’y(O,l,—Z)dy2 = (2 + 2\)dz? + (4 + 2)\)dy? = —2dz?. St dung thém dicu kien ¢(z,y) = 0 =
dp(z,y) = 0 = dp(P1) = 0 & ¢,(0,1)dz + ¢}, (0,1)dy = 0 < 2.0.dx +2.1.dy = 0 < dy = 0. Ma
dx? + dy* > 0 nén dx # 0. Vay d?L(0,1, —2) = —2dz? < 0. Do d6 tai P, ham f(x,7) dat cuc dai cé
diéu kién.

Tai P»(0,—1) ting v6i A = =2 ta ¢6 d’L(0, -1, —2) = L}, (0, -1, =2)dz* 4+ 2L, (0, -1, —2)dxdy +
Ly (0,-1,=2)dy* = (2 + 2\)da® + (4 4+ 2)\)dy* = —2dz?. Stt dung them diéu kien o(z,y) = 0 =
dp(z,y) = 0 = dp(P2) = 0 & ¢, (0, —1)dz + ¢}, (0, ~1)dy = 0 < 2.0.dz — 2.1.dy = 0 & dy = 0. Ma
dz? + dy* > 0 nén dx # 0. Vay d?L(0,—1,—2) = —2dz? < 0. Do d6 tai P, ham f(z,y) dat cuc dai
c6é diéu kién.

Tai P3(1,0) tng voi A = —1 ta ¢6 d2L(1,0,—1) = LI,(1,0,—1)da? + 2L7,(1,0,~1)dedy +
Ly (1,0, =1)dy? = (242X)dz?+ (4+2X)dy* = 2dy?. Sit dung them diéu kien o(x,y) = 0 = dp(z,y) =
0 = do(Ps) = 0 & ¢,(1,0)dz + ¢, (1,0)dy = 0 & 2.1.dz + 2.0dy = 0 & dz = 0. Ma dz? 4+ dy* > 0
nén dy # 0. Vay d>L(1,0,—1) = 2dy? > 0. Do d6 tai P; ham f(z,y) dat cuc tiéu c6é diéu kién.

Tai Py(—1,0) ting véi A = —1 ta ¢6 d*L(—1,0,—1) = L}, (-1,0, -1)dz* + 2L}, (1,0, —1)dzdy +
Ly (=1,0,-1)dy* = (2 + 2\)dz® + (4 + 2\)dy* = 2dy®. St dung them diéu kien ¢(z,y) = 0 =
dp(z,y) =0 = dp(Py) = 0 & ¢(=1,0)dz + ¢, (~1,0)dy = 0 < 2.(=1).dz +2.0dy = 0 & dz = 0. Ma
dx® 4+ dy? > 0 nén dy # 0. Vay d>L(—1,0,—1) = 2dy?® > 0. Do d6 tai P, ham f(x,y) dat cuc tiéu cé

dieu kién.

z=X"+2y°

Hinh 1.6: Cuec tri c6 diéu kien ctia ham f(x,y) = 22 + 232 v6i diéu kien 22 + y? = 1.

Vi du 1.2.3. Tim cyc tri ciia ham f(z,y) = 2 + 2y v6i diéu kien 22 + y? = 5.
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1.3 Gid tri l6n nhat va nhé nhat

13

X+y=1

ry X*+2y=2

[N X

Hinh 1.7: Dudng déng tri ciia ham f(z,y) = 22 + 2y? vé6i diéu kien 22 + ¢? = 1.

Giai. Tim diém ditng ctia ham Lagrange L(

Li(x,y,A) = 14+2zA=0
Ly(z,y,A) = 2+29A=0 &
pr,y) = 2>+y*=5

Tit d6, ta c6 diém ditng Py (1,2) tng véi A = —

1
Tai Pi(1,2) tng v6i A\ = —5 ta o d*L(

i@

\ 4

.

X*+2y=1

z,Y, >‘) = f(fl:,y) + )\Lp(a:,y)

o1
= %)\
Yy = DY
1)? 1)?
2 2 _ _ JE— =
e+ vy ( 2)\) -l-( )\) 9
I . . 1
5 va Py(—1,-2) tng véi A = 3

1,2,-3) = L7.(1,2,—1)da? + 2L, (1,2

,—2)dxdy +

Ly (1,2, —3)dy? = 2Xdx? + 2Ady? = —da? — dy* < 0. Do d6 tai P ham f(z,y) dat cyc dai c6

dieu kién.

1
Tai Py(—1,—2) ting v6i A\ = 5 tacd d*L(—1,-2,3) = LY, (-1, -2, 5)da? + 2L}, (-1, -2, 5)dzdy +
Ly, (=1, -2, %)dy2 = 2Xd2? + 2\dy? = dx? + dy? > 0. Do d6 tai P, ham f(z,y) dat cuc tiéu cé didu

kién.

X+y=1

Hinh 1.8: Cuec tri c6 diéu kien ctia ham f(x,y) = = + 2y véi dicu kien 22 + y? = 5.

1.3 Gia tri 16n nhat va nhé nhét

1.3.1 Dinh nghia tap déng, tap mé

CuuDuongThanCong.com
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14 CUC TRI CUA HAM NHIEU BIEN

Dinh nghia 1.3. Diém bién ctia tap hgp D la diém (a,b) sao cho moi hinh tron véi tam (a, b)
déu chita nhitng diém thudc D va nhitng diém khong thuoc D.

Dinh nghia 1.4. Tap déng trong mat phing R? 1a tap hop chia tit ci nhing diém bién ciia noé.

Tap dong

Tap hop khoéng la tap dong

Hinh 1.9: Tap déng va tap hgp khong la tap dong

Vi du 1.3.1. Tap hop D = {(z,y) : 22 +y? < 1} chita tat cd nhitng diém trén va bén trong duong
tron 22 4+ y? = 1 la tap déng vi né chita tat cd nhing diém bién ciia n6,  day nhitng diém bién la
nhitng diém ndm trén duong tron x? + y? = 1.

Dinh nghia 1.5. Tap bi chan trong mat phing R? 1 tap hop dugc chita trong mot hinh tron nao
do.

1.3.2 Sy ton tai GTLN, GTNN cta ham f(z,y)

Dinh 1y 1.5. Néu ham s6 z = f(z,y) lién tuc trén mién déng, bi chdan D C R? thi f c¢6 GTLN,
GTNN trén D.

1.3.3 Phuong phap tim gia tri 16n nhat va nhé nhét

Dé tim GTLN, GTNN ctia ham f(z,y) trén mién D ta thyc hién céc bude sau:

1. Tim cyc tri tu do trong D (loai nhing diém khong thudc mién trong ciia D). Tinh gia tri cta
ham f(x,y) tai nhimg diém nay.

2. Tim cyc tri ¢6 diéu kién ctia ham f(z,y) trén bién ctia mién D. Tinh gia tri ctia ham f(z,y) tai
nhing diém cyc tri nay.

3. So sanh gia tri cia ham f tai nhitng diém cuc tri tuw do va cuc tri c6 diéu kien dé xac dinh
GTLN, GTNN.

Vi du 1.3.2. Tim GTLN, GTNN ciia ham z = f(z,y) = 2% — 22y + 2y trén mién D = {(z,y) € R?:
0<2<30<y <2
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1.3 Gid tri l6n nhat va nhé nhat 15

Giai. Tim diém ding bén trong mién D

fi = 2x—-2y=0
fy = —22+2=0

Diém P;(1,1) nim bén trong mién D va f(Py) = f(1,1) = 1.

y
02 G (22 (32

G

LY _—
(0,0)| c, (30

Cs

X

Hinh 1.10: Mién D = {(z,y) e R2: 0 < 2 < 3,0 <y < 2}.

Tim diém ditng trén bién ciia D, gdm bén doan thing Cy, Ca, C3, Cy.

Duong thang C; c¢6 phuong trinh y = 0 nén g(z) = f(z,0) = 22,0 < 2 < 3. GTLN va GTNN ctia
g(z) tren [0,3] lan lugt 1a g(3) = f(3,0) =9, ¢g(0) = £(0,0) =0

Dudng thang Cs c6 phuong trinh x = 3 nén h(y) = f(3,y) = 9 — 4y,0 < y < 2. GTLN va GTNN
ctia h(y) tren [0,2] lan lugt 1a h(2) = £(3,2) = 1, h(0) = f(3,0) = 9.

Dudng thing C3 c6 phuong trinh y = 2 nén k(z) = f(z,2) =22 —4do +4 = (z —2)%,0< = < 3.
GTLN va GTNN ctia k(z) trén [0, 3] 1an lugt 1a k(2) = £(2,2) = 0, k(0) = £(0,2) = 4.

Dudng thing Cy c6 phuong trinh 2 = 0 nén £(y) = f(0,y) = 23,0 < y < 2. GTLN va GTNN ctia
{(y) tren [0, 2] lan lugt 1a £(0) = £(0,0) = 0, £(2) = f(0,2) = 4.

So sanh tat ca nhing gia tri f(1,1), £(0,0), f(3,0), f(3,2), £(0,2), f(2,2) ta dugc GTLN cta f
tréen D 1a f(3,0) =9, GTNN ctia f trén D la f(0,0) = f(2,2) = 0.

Hinh 1.11: GTLN, GTNN ctia ham z = f(z,y) = 2% — 22y + 2y trén mién D.
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16 CUC TRI CUA HAM NHIEU BIEN

Vi du 1.3.3. Tim GTLN, GTNN ctia f(r,y) = 2?+y*>—122+16y trén mién D = {(z,y) : 22+y? < 25}
Giai. Tim diém ditng bén trong mién D

flo= 22-12=0
fi = 2y+16=0

Diém P; (6, —8) khong nim bén trong mién D.

Tim diém ding trén bién ctia D, c6 nghia la cuc tri ¢6 diéu kien 22 + 3% = 25

L(z,y) = 2x—12—-2)\z =0
Ly(z,y) = 2y+16 -2 \y=0
play) = 2 +y° =25

Ta c6 2 diem dimg 1a Py(3, —4) va P3(—3,4) va f(3,—4) = =75, f(—3,4) = 125. Vay GTLN la 125 va
GTNN la —75.

1.4 Bai tap

1.4.1 Cuc tri tu do

Bai tap 1.4.1. Tim cyec tri ty do ctia ham hai bién

L. f(z,y) = (x —1)% + 242

2. fz,y) = (x - 1)* - 2¢°

3. flmyy) =2+’ +ay+ax—y+1
4. flx,y) = 223 + zy® + 522 + o2

5. f(z,y) =2®>+ 2y +y? —4lnz —10Iny
6. f(x,y) =2>+ 32y —8Inz —6lny
7. f(x,y) =22 +9? - 32Inzy

8. f(x,y) =23+ 9> — 3wy

9. f(w,y) =23 +8y> —6zy+5

10. f(z,y) =323 +9> —3y> —z+1
11. f(z,y) = 3z%y + y> — 18z — 30y
12. f(z,y) = 20* + ¢* — 22 — 22

13. f(z,y) = 2+ y* — 2% — 22y — o2
14. f(z,y) =4— /(@ +y?)>2

15. f(z,y) = 22 + 9% — 22y + 22 — 2y

8 .
16. f(z,y) = ;—i—g—l—ytrong mien x > 0,y > 0.

17. f(z,y) = 2® + 2y + y* — 32 — 6y
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1.4 Bai tap 17

18. f(z,y) = 2t + y* — 222 + 4wy — 292
19. f(z,y) = 20* +y* — 22 — 22
20. f(z,y) = (2 — 2y*)e”

21.

f(z,y) = (& +y* + 2y)e*®

22. f(z,y) = (z+ y2)e%

23. f(x,y) = (2 +y?) (e ¥ — 1)
24. f(x,y) = 322 — 23 + 2% + 4y
25. f(z,y) = 2° + 3zy + 33

26.

f(z,y) =dzy — a* — o

1.4.2 Cuc tri c6 dieu kién

Bai tap 1.4.2. Tim cyec tri c6 diéu kién

1.

2.

Tim cyc tri ctia ham f(z,y) = %y véi dicu kien 22 + 2y% = 6.
Tim cyc tri ctia ham f(z,y) = 6 — 5z — 4y véi diéu kien 22 — y2 = 9.
Tim cyc tri ctia ham f(x,y) = 1 — 4z — 8y véi didu kien 22 — 8y? = 8.
. Tim cyc tri ctia ham f(x,y) = 22 + y? + 2y v6i diéu kien 22 + 2% = 1.
. Tim cyc tri ctia ham f(z,y) = 222 + 122y + y? v6i diéu kien z2 + 4y? = 25.
Tim cyc tri ctia ham f(z,y) = 22 + y? véi dicu klen - + =

3

1.4.3 Gia tri 16n nhat, gia tri nhé nhéat

Bai tap 1.4.3. 1. Tim GTLN, GTNN ctia f(z,y) = 1 + 4z — 5y trén mién D la tam gidc véi cac

10.

dinh (0,0), (2,0), (0,3).

. Tim GTLN, GTNN cta f(z,y) = 3 + 2y —  — 2y trén mién D la tam gidc vdi cac dinh

(1,0),(5,0),(1,4).
Tim GTLN, GTNN ctia f(z,y) = 22 + y? + 2%y + 4 trén mién D = {(z,y) : |z| < 1, |y| < 1}

Tim GTLN, GTNN ciia f(z,y) = 4x+6y—2%—y? tren mien D = {(z,7) : 0 < 2 < 4,0 < y < 5}.

. Tim GTLN, GTNN ctia f(z,y) = (z — 6)? + (y + 8)? trén mién D = {(z,y) : 2* + y* < 25}.

Tim GTLN, GTNN ctia f(x,y) = 22 — y? trén mién D = {(z,y) : 22 + y? < 25}.
Tim GTLN, GTNN ctia f(z,y) = (y* — 22)e %"~ tren mién D = {(z,y) : 22 + y* < 4}.
Tim GTLN, GTNN ctia f(z,y) = 23 + %> tréen mién D = {(z,y): 0 < v <2, -1 <y < 2}.

Tim GTLN, GTNN ciia f(z,y) = 22 + y? trén mien D = {(z,y) : (z — 1)%2 + (y — 2)? < 5,
2z 4y >4}

Tim GTLN, GTNN ctia f(x,y) = 22 +9?> — 2y — 2 — y trén mién D = {(x,y) : = > 0,y >
0,z +y <3}
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18 CUC TRI CUA HAM NHIEU BIEN

giai bai tap chuong 4

1.4.1 1. P(1,0) la cyc tiéu, fop =0
2. P(1,0) la diém dimg nhung khong phai la cyc tiéu.
3. P(—1,1) la cyc tiéu, fop =0
. . )
4. P1(0,0) la cuc tieu, fop = 0, Po(—1,-2), P3(—1,2) khong la diem cuc tri, Py (—3,0) 1a cyc dai,
125
Jop =57
5. P(1,2) la cuc tiéu, fop =7 —101n2
6. P(1,2) la cyc tieu, fop =7 —61n2
7. Py(—4,-4) la cyc tidu, fop = 32— 1281n2, Py(4,4) la cyc tiéu, fop =32 — 1281n2
8. Pi(1,1) 1a cyc tiéu, for = —1, P»(0,0) khong 1a diém ciec tri.
1 . )
9. P, (1, 2) la cyce tieu, fo = 4, P2(0,0) khong la diem cyc tri.
10. P; 1 2 ) 1a cuc tiéu, fop = -2 P, 1 2),P 1 0 ) khong la diém cuyec tri, P, 1 0] 1a cuc
- 41 3’ J » JCT — 9’ 2 3’ s 43 3’ g . b 44 3’ J
11
9
11. Py (1,3) la cuc tiéu, for = =72, P»(=3,-1),P3(3,1) khong la diém cyc tri, Py (—1,-3) la cyc dai,
fCD =72
1 1 1 1 N L, .2 4 < ., . . 2 9
12. P, —5 —1,P —5 1),P; 5,—1 , Py 5,1 , la cac diem cyce tieu va gia tri cyc tieu fop = —3’
1 1 .
P; (2,0) , P, (—2,0> ,P;(0,1), Ps (0,—1) khong la diém cuc tri, P, (0,0) 1a cuc dai, fop = 0
1.4.2 Cau 2.
1.4.3 Cau 2.
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